A new numerical method to simulate steady-state isothermal liquid flows with hydraulic cavitation is proposed. The 3D averaged N-S equations with LamBremhorst κ -ε turbulence model are used. The barotropic state equation is developed basing on thermodynamic equilibrium relations. Simulation of such flows faces a lot of numerical difficulties concerned with variations of density, speed of sound and time scale. The method is a hybrid splitting scheme that is a mixture of "density-based" and "pressure-based" approaches. The splitting scheme is the "pressure-based" SIMPLE-type algorithm in the region of incompressible liquid flow without cavitation. The scheme degenerates to the "density-based" algorithm in a compressible region (2-phase state or pure gas). The proposed method differs from both "density-based" preconditioned algorithms and SIMPLE-type methods adapted to the case of cavitating flows. The method has been tested on numerous typical 3D problems with hydraulic cavitation. Results of numerical simulation are in good agreement with experimental data. The algorithm shows high efficiency for the considered problems. The method has been implemented in FloEFD ТМ .
Introduction
A new numerical algorithm for simulation of cavitating flows is proposed in the paper. Cavitating flows are encountered in a wide range of applications playing mostly negative but sometimes positive role. We consider hydraulic cavitation that occurs in liquid flows when the pressure falls close to the saturated vapour pressure. In this case a two-phase flow takes place. An approach when fluid is considered as a homogeneous and isothermal medium is used. The medium has such thermodynamic properties that it can be either an incompressible liquid or a highly compressible medium that corresponds to twophase state or a compressible vapour that is treated as an ideal gas.
As cavitating flows are mostly turbulent, the averaged N-S equations are used in the paper. It is known that specific choice of turbulent model and its parameters influences on results of simulation (Senocak and Shyy [1] ). However, this influence is not investigated in this paper because the problem requires a special research. To close the system of averaged N-S equations the LamBremhorst   k turbulent model and barotropic state equation are utilized. Constructing numerical method to simulate cavitating flows, it is important to take into account the fact that regions of incompressible flow and highly compressible flow exist simultaneously in calculation domain. The speed of sound may drop from thousands in liquid flow to units in vaporized flow. It leads to supersonic flows with high Mach numbers, sometimes with shocks. Thereby the cavitation problems are characterized by wide range of Mach number from near zero to several tens in one calculation domain.
An important feature of cavitating flows is the presence of several time scales. It is common that the time scale is greater by several orders of magnitude in liquid than in vaporized region with a supersonic flow. The typical time step varies over 2 orders of magnitude over calculation domain in considered below problems.
Another important feature is that properties of the model medium are changing dramatically when crossing the boundary an incompressible flow region and a compressible one. The speed of sound is changing by 3 orders of magnitude in considered problems. As a result, nonlinearity of the equation system strongly manifests itself on the boundary of liquid and vaporized regions.
Difficulties in numerical simulation of flows with widely varied Mach number appear not only in multiphase flows but in many traditional gas dynamics problems as well. Nowadays nature of the difficulties has been investigated in details. The problems are related to change of character of flow parameters mutual influence while Mach number is varying. In a compressible flow all parameters (density, pressure, momentum and temperature) significantly influence on each others. The form of the mass conservation equation is such that it is naturally interpreted as a density equation. So, the density, momentum and energy are used as basic unknowns when considering compressible flows. Such methods are named "density-based".
While Mach number approaching to zero, the pressure-density dependence becomes weak. So, in the case of low Mach number and incompressible flows, the mass conservation equation is used to describe the pressure-momentum coupling. Such methods are named "pressure-based".
To date there are two main approaches to calculate all-speed compressible flows. The first one employs the "density-based" methods originally developed to simulate speed compressible flows (usually at M>0.3). The methods are adapted to low Mach number case by introducing artificial compressibility or using some preconditioning techniques (Kunz et al. [2] , Li and Merkle [3] , Li et al. [4, 5] ). Without such adaptations the methods are almost useless for lowspeed flows at 0  M . The second approach utilizes the "pressure-based" methods originally developed for incompressible flows. Usually these are SIMPLE-family splitting schemes (or "pressure-correction" methods) adapted to the case of compressible flows at high speed (Van der Heul et al. [6, 7] ).
Presented in the paper approach differs from the both abovementioned approaches. At first glance the idea to apply the "pressure-based" in region of incompressible flow and the "density-based" approach in region of supersonic compressible flow looks quite natural. But it is not obvious how to couple these approaches. We propose a way of combining the approaches that is based on the following simple key idea. Employing the finite volume method, we suggest mixing fluxes and pressure approximations that correspond to "pressure-based" and "density-based" approaches on faces of control volumes. After that these mixed approximations are substituted in SIMPLE-type splitting scheme. Managing the mixing weight in fluxes, we can obtain either the original SIMPLE-type semi-implicit splitting scheme or the explicit "density-based" scheme or a mixture of these approaches.
In this paper only the steady-state regimes of cavitating flows are considered. Such flows (for averaged flow parameters) are realized in a large number of applications. It is too consuming in time to solve such problems by an algorithm developed for time-dependent problems.
Of course, unsteady effects, such as periodically coming off cavitating vortex, are of considerable interest, but we will not consider such flows in the paper.
Governing equations
Mass conservation and momentum equations:
Here 
It is assumed that flow is isothermal. So, the energy equation is omitted. It is supposed that T is constant, 0 . T=T To close the system a state equation is needed. For practical purposes, it is important to be able to simulate flows of industrial liquids, such as liquid fuels, synthetic and mineral oils, freons and so on. But thermodynamic properties of such substances are incomplete or not widely available. Taking into account this fact, the state equation is derived in such a way that it requires just minimal and easy available parameters of a substance. We consider the barotropic state equation [27] for the homogeneous mixture consisting of liquid, its vapour and small amount of inert non-condensable gas (see Fig. 1 ). In practice, the most liquid fluids contain small amount of dissolved gases.
In Fig. 1 parameter L E p is pressure value below which vapour appears in the mixture, V E p is pressure value below which liquid disappears from the mixture. These two parameters L E p and V E p are derived from the condition of phases equilibrium employing Helmholtz thermodynamic potential [27] . In two-phase region the density-pressure dependency is
where E p is the saturated vapour pressure, I
M and I Y is the molecular mass and mass fraction of the inert gas.
Thus, defining only the density of a liquid and the saturated vapour pressure at temperature 0 , T the molecular masses of substance of this liquid and a dissolved inert gas, we obtain the state equation for the specific fluid: The barotropic state law ) ( p  .
Numerical method
Describing the numerical method, we pay the most attention to the operatorsplitting technique. Details of spatial approximations are omitted. Being introduced by Yanenko [28] , the operator-splitting technique has been further developed to treat SIMPLE-type methods in terms of this approach. Now this technique is well-accepted in CFD. Details of specific treating are presented in Churbanov et al. [29] .
Following the finite volume method, the integral form of conservation equations (1)- (4) is approximated.
Let us describe the principal idea how to couple two approaches, the p-based semi-implicit SIMPLE-type approach and the ρ-based explicit approach, in one numerical method.
Assume that there are two well-established numerical methods. One is pbased method for incompressible (low-compressible) flows, for example SIMPLE splitting scheme with corresponding spatial approximations of fluxes and pressure:
Here m is momentum, u is velocity,
are approximation coefficients, and summation by index k is performed over the stencils of the approximations. Subscript "inc" is used to refer to incompressible (low-compressible) case. The second well-established method is ρ-based one for high-speed compressible flows. For example well-known AUSM (Liou) with corresponding spatial approximations of fluxes and pressure:
is the AUSM face mass flux approximation,
is the AUSM face momentum flux approximation,
is the AUSM face pressure approximation.
Subscript "comp" is used to refer to compressible case. It is proposed that the coupling is to be performed by combining spatial approximations of convective fluxes and pressure, and substituting these mixed approximations into any SIMPLE-family scheme.
Spatial approximations of fluxes and pressure are mixed on CV (control volume) faces with some weight w. The weight is defined on CV faces and depends on state of fluid in adjacent CVs. It is equal to zero in liquid (incompressible flow region) and 1 in containing vapor medium (compressible flow region).
Note that the combined fluxes and pressure approximations are treated differently in time, as it is shown below. The p-based approximations are treated implicitly where it is necessary, and the ρ-based approximations are treated explicitly in all cases.
Unsteady form of equations is used to obtain steady-state solutions. But timestep is treated as calculation parameter that is varying in space. Symbol "^" is used to mark parameters that refer to new iteration and are treated as unknowns. Symbol "~" is used to mark intermediate values of parameters. And parameters at old iteration do not have any "cup" symbol.
To simplify description, let us present deriving the method in 1d case. The discrete mass equation is written as
where
and the weighted mass fluxes on CV faces are 
where the weighted momentum fluxes and pressure on CV faces are 
As usually for SIMPLE-type methods, an equation for pressure correction p  is derived to be used instead of the mass equation. For this purpose, eqn (7) is subtracted from eqn (8) , and the result is substituted in the mass equation (6) . This new equation replaces the mass equation in numerical method. Note that only equivalent algebraic transformations are employed, and the final system of discrete equations is fully equivalent to the original one.
Finally, the numerical method is written as the following equations that are solved consequentially.
The equation to calculate m (the "predictor" stage) is:
The equation to calculate the pressure correction p  is:
where p D p   is approximation of density correction  , and
The equations to calculate new momentum (the "corrector" stage) and pressure are:
The state equation to calculate new density is:
The coefficient p D is approximated using It is easy to see that setting w=0 leads to the standard SIMPLE (if only one internal iteration is performed).
Setting w=1 leads to the AUSM (with internal iterations). The momentum equation:
The mass equation:
Other equations are as follows
In the original AUSM method eqn. (18) Iterating abovementioned algorithm by n we obtain the original AUSM method.
Thus, we have obtained the method that couples p-based and ρ-based approaches.
To perform described below calculations, the following specific spatial approximations were used. For "inc" approximations of convective fluxes in incompressible flow regions, a combination of the central and the 2 nd order upwind approximations was utilized. Limiters were used to provide monotonic properties of the approximation. For convective fluxes and pressure in compressible flow region well-known method AUSM [1] with some modifications as employed. For viscous fluxes central differences were used as usually.
The proposed numerical method has shown high efficiency and robustness solving steady-state problems. This is due to the fact that different wellestablished approaches are used in incompressible and compressible regions of flow with corresponding different local time steps (15) , (16) .
Results
In this section we present some results of cavitating flows simulation.
Centrifugal pump with two-dimensional curved blades
The geometry of the pump is presented in Fig. 2 . In details it is described in Coutier-Delgosha et al [9] as well as results of experimental and numerical investigation. For calculations we use numerical mesh with 72500 control volumes. Similarly to [9] we specify the following boundary conditions -fixed mass flow-rate at the inlet and fixed static pressure at the outlet boundaries respectively. Presented numerical method utilizes the local time step, which values are chosen taking into account the stability condition in the whole computational domain. The results of flow simulation in cavitating and noncavitating conditions were obtained. 
Liquid fuel flow in a throttle nozzle
The results of liquid fuel flow in a throttle nozzle simulation are presented in this section. Model experiment for cavitating regimes of the flow investigation was described in detail in Winklhofer et al. [10] . In experiment the liquid fuel ran through a throttle made in the middle of a nozzle. A pressure drops were fixed and the authors measured mass flow-rates and visualized cavitation zones occurred in a narrow section. Detailed view of the throttle nozzle is shown in Fig. 5 .
We simulated stationary 3D flows in a half of the geometry with a symmetry plane. As an inert attenuated gas air with mass fraction Y air =0.1% was chosen.
Numerical results were obtained for 9 various regimes with pressure drop P in -P out from 10 6 to 9·10 6 Pa, where P in = 10 7
Pa. The numerical and experimental data of flow rate are presented in Fig. 6 . Marked on the figure range of ratio error is 5%. 
3-D multi-hole fuel injector
We considered a model of car engine injector (Fig. 8 ) described in Schmidt et al. [11] . This model is axisymmetric so only 1/4 of the model can be considered. To exclude influence of outlet boundary condition on a flow in the injector we added enlarged domain with boundary condition P=P out to the model outlet, just as in [11] . For this computational domain we used the mesh with 110000 CVs 
333K.
init T  (Fig. 9 ). Boundary conditions were defined by fixed values of pressure on the inlet and outlet boundaries, and different regimes were defined by different values of inlet pressure Pin, whereas outlet pressure was constant P out =26 atm. Regime P in =600 atm, P out =26 atm, T init =333 K was considered. The volume fraction of vapour for stationary solution of this task is presented in Fig. 9 .
Comparison of numerical result with external data shows good accordance of mass flow (60 g/s) for this regime. Cavitation zones also finely accord with calculations of Schmidt et al.
Conclusions
A hybrid method for simulating flows under hydraulic cavitation conditions is presented. It is based on coupling the well-established "pressure-based" and the "density-based" methods that allows efficient simulation of flows with both incompressible and highly compressible regions. Numerical experiments show that the new method is accurate, robust and efficient. It requires significantly less iterations compared to traditional "density-based" approaches to obtain a steadystate solutions. Implemented in FloEFD TM method has been tested by solving a lot of typical 3D problems for cavitating flows with different liquids. Obtained results are in a good agreement with experimental data.
